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We discuss the neutrino mass matrix based on the Occam’s-razor approach in the framework
of the seesaw mechanism. We impose four zeros in the Dirac neutrino mass matrix, which
give the minimum number of parameters needed for the observed neutrino masses and lepton
mixing angles, while the charged lepton mass matrix and the right-handed Majorana neutrino
mass matrix are taken as real diagonal ones. The low-energy neutrino mass matrix has only
seven physical parameters. We show successful predictions for the mixing angle 0,3 and the CP-
violating phase d¢cp with the normal mass hierarchy of neutrinos by using the experimental data
on the neutrino mass-squared differences, the mixing angles 6,, and 6,3. The most favored region
of sin 63 is around 0.13-0.15, which is completely consistent with the observed value. The CP-
violating phase §¢p is favored to be close to £ /2. We also discuss the Majorana phases as well
as the effective neutrino mass for the neutrinoless double-beta decay m,., which is around 7-8
meV. It is extremely remarkable that we can perform a “complete experiment" to determine the
low-energy neutrino mass matrix, since we have only seven physical parameters in the neutrino
mass matrix. In particular, two CP-violating phases in the neutrino mass matrix are directly given
by two CP-violating phases at high energy. Thus, assuming leptogenesis, we can determine the
sign of the cosmic baryon in the universe from the low-energy experiments for the neutrino mass
matrix.

Subject Index B40, B54

1. Introduction

The standard model has been well established by the discovery of the Higgs boson. However, the
origin and structure of quark and lepton flavors are still unknown in spite of the remarkable success
of the standard model. Therefore, the underlying physics of the masses and mixing of quarks and
leptons is one of the fundamental problems in particle physics. A number of models have been
proposed based on flavor symmetries, but there is no convincing model at present.

On the other hand, the neutrino oscillation experiments are moving onwards to reveal the CP
violation in the lepton sector. The T2K experiment has confirmed the neutrino oscillationin v, — v,
appearance events [ 1], which may provide us with new information on the CP violation in the lepton
sector. Recent NOvA experimental data [2] also indicate CP violation in the neutrino oscillation.
Thus, various pieces of information are now available to discuss Yukawa matrices in the lepton sector.
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Recently, the Occam’s-razor approach was proposed to investigate the neutrino mass matrix [3] in
the case of two heavy right-handed neutrinos. Because of tight constraints, it was shown that only
the inverted mass hierarchy for the neutrinos is consistent with the present experimental data. The
quark sector was also successfully discussed in this approach [4] and we found a nice prediction of
the Cabibbo angle, for instance.

In this paper, we discuss the seesaw mechanism [5,6] (see also Ref. [7]) with three right-handed
heavy Majorana neutrinos, predicting the normal mass hierarchy of the light neutrinos. We impose
four zeros in the Dirac neutrino mass matrix, which give the minimum number of parameters needed
for the observed neutrino masses and lepton mixing angles in the normal mass hierarchy of neutrinos
[8,9]. Here, the charged lepton mass matrix and the right-handed Majorana neutrino mass matrix
are taken to be real diagonal ones. The Dirac neutrino mass matrix is given with five complex
parameters. Among them, three phases are removed by the phase redefinition of the three left-
handed neutrino fields. The remaining two phases are removed by the field—phase rotation of the
right-handed neutrinos. Instead, these two phases appear in the right-handed Majorana neutrino
mass matrix. After integrating the heavy right-handed neutrinos, we obtain a mass matrix of the light
neutrino, which contains five real parameters and two CP-violating phases.

In the present Occam’s-razor approach with the four zeros of the Dirac neutrino mass matrix, we
show successful predictions of the mixing angle 63 and the CP-violating phase §cp with the normal
mass hierarchy of neutrinos. We also discuss the Majorana phases and the effective neutrino mass
of the neutrinoless double-beta decay.

It is extremely remarkable that we can perform a “complete experiment" to determine the low-
energy neutrino mass matrix [10], since we have only seven physical parameters in the neutrino
mass matrix. In particular, two CP-violating phases in the neutrino mass matrix are directly related
to two CP-violating phases at high energy. Thus, assuming leptogenesis, we can determine the sign
of the cosmic baryon in the universe from only the low-energy experiments for the neutrino mass
matrix [11].

In Sect. 2, we show a viable Dirac neutrino mass matrix with four zeros, where we take the real
diagonal basis of the charged lepton mass matrix and the right-handed Majorana neutrino mass
matrix. We also present qualitative discussions of our parameters in order to reproduce the two large
mixing angles of neutrino flavors. In Sect. 3, we show the numerical results for our mass matrix.
Section 4 is devoted to the summary. In the appendix, we show the parameter relations in our mass
matrix.

2. Neutrino mass matrix

From the standpoint of the Occam’s-razor approach [3,4], we discuss the neutrino mass matrix in
the framework of the seesaw mechanism without assuming any symmetry. We take the real diagonal
basis of the charged lepton mass matrix and the right-handed Majorana neutrino mass matrix as

ur 0 0 Ml 0 0
Mg=|0 m, O , Mrg=10 M 0 . (1)
0 0 me IR 0 0 M RR

We reduce the number of free parameters in the Dirac neutrino mass matrix by putting zero at several
elements in the matrix. The four zeros of the Dirac neutrino mass matrix give us the minimum
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number of parameters to reproduce the observed neutrino masses and lepton mixing angles. This is
what we call the Occam’s-razor approach.
The successful Dirac neutrino mass matrix with four zeros! is given as

0 4 0
mp=|4 0 B| |, )
/
o 8 ¢/,

which has five complex parameters.” The three phases can be removed by the phase rotation of the
three left-handed neutrino fields. This phase redefinition does not affect the lepton mixing matrix
because the charged lepton mass matrix is diagonal and the phases are absorbed in the three right-
handed charged lepton fields. In order to get the real matrix for the Dirac neutrino mass matrix, the
remaining two phases are removed by the phase rotation of the two right-handed neutrino fields.
Instead, the right-handed Majorana neutrino mass matrix becomes complex diagonal as follows:

Mye—i¢4 0 0 k‘—le—f@l 0 0
Mg = 0 Mye™ 5 () = M, 0 %e—i@? ol , (3)
0 0 M) 0 0 1) o

where My = M3, ki = M3/M1, and k = M3z /M;. We obtain the left-handed Majorana neutrino
mass matrix after integrating out the heavy right-handed neutrinos,

| [ Akae™" 0 AB'kye'?
my, = mpMg'mh = — 0 Ak et 4 B BC : (4)
" \ 4B kpeis BC B?kye'ts + C?

in which there are clearly ten parameters. However, this is expressed in terms of seven parameters
by the rescaling of parameters. Let us replace the parameters by introducing the new parameters a,
b, ¢, ki, and k} as follows:

A= /Mkya, A = Mokja, B=+/Mob, B = /Mykyb, C=+yMoc. (5

Then, the neutrino mass matrix is written as

a’K,e's 0 abK, !B
my, = 0 a*Kye4 4+ b? be , (6)
abK,e'?B bc b K e + 2
where
A'B'\? Ms B'\? Ms
Kl =kik = —, K=kkh=—=) —. 7
1 =kik (AB) i 2 = kyky (B) A (7)

Finally, the neutrino mass matrix is expressed by five real parameters, a, b, ¢, K1, K, and two phases
¢4, ¢p. Since we can input five pieces of experimental data for the neutrinos—the mass-squared

! Other four-zero textures may be available for lepton mixing. These will be discussed comprehensively in
future work.
2 4" = 0 corresponds to the case discussed in Ref. [3]. Thus, five-zero textures are not excluded.
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differences Am?> Amgol and three lepton mixing angles 6,3, 012, and 8;3—there remain two free

atm»
parameters. These two parameters are determined by the Dirac CP-violating phase §cp and the
effective neutrino mass m,, for the neutrinoless double-beta decay [10].

Here we comment on the concern with the texture zero analysis of the left-handed neutrino mass
matrix [12]. Actually, some two-zero textures of the left-handed neutrino mass matrix are consistent
with the recent data [ 13]. On the other hand, our neutrino mass matrix of Eq. (6) is a one-zero texture.
The two-zero textures are never realized without tuning between the parameters, as seen in Eq. (4),
since we start with the seesaw mechanism of the neutrino masses, in which we take the right-handed
Majorana neutrino mass matrix to be diagonal [14]. Although there are seven parameters in the
neutrino mass matrix in Eq. (6), we can give clear predictions at large K and K>, which correspond
to a large mass hierarchy among right-handed Majorana neutrinos.

We can obtain the eigenvectors by solving the eigenvalue equation of Eq. (6). The mass eigenvalues
are expressed by a, b, ¢, K1, Ky and ¢4, ¢p, as seen in the appendix; we then get the lepton mixing
matrix, the so-called Maki—Nakagawa—Sakata (MNS) matrix Upns [15,16]. It is expressed in terms
of three mixing angles 6;; (i,j = 1,2,3; i < j), the CP-violating Dirac phase dcp, and two Majorana
phases « and S as

c12e13 s12€13 size P\ femie 00

Umns = | —s12¢23 — €12523513€CP c1aca3 — 512523513€7CP §23€13 0 e o],
512523 — €12€23513€0CP  —c1p803 — $12€23513€0CP  cex3c13 0 0 1

3)

where c¢;; and s;; denote cos 6;; and sin 6;;, respectively.
There is a CP-violating observable, the Jarlskog invariant Jcp [17], which is derived from the
following relation:

iC = MM, MgM}1,
detC = —2Jcp(m§ — m%)(m% — m%)(m% - m%)(m% - mi)(mi — mg)(mg - m%) , 9)

where my, my, and m3 are neutrino masses with real numbers. The predicted one is expressed in
terms of the parameters of the mass matrix elements as

1 1
~ _F——
2" (Am% )2 Am?

atm sol

(10)

Jep

where
F = 2a°b*c2K3 {(b*K; sin ¢p + a*K K, sin(dy — dp) +
a*c* (K sin ¢4 — Ky sin ¢p) + a*b*Kr (K, sin(¢4 + ¢p) — Ky sin2¢g — sin ¢p)} . (11)

We can extract sin §cp from Jcp by using the following relation between the mixing angles, the Dirac
phase, and Jcp:

sin 8cp = Jop/ (523¢23512€12513¢%3) - (12)

The Majorana phases « and § are obtained after diagonalizing the neutrino mass matrix of Eq. (6)
as follows:

U s Usins = diag {my, ma, m3) . (13)
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Then, we can estimate the effective mass that appears in the neutrinoless double-beta decay as

Mee = Chyche 2 %my 4 357,62 Pmy 4 5336720y | (14)

The neutrino mass matrix of Eq. (6) becomes a simple one at the K| and K> large limit with 5°K,

being finite. This case corresponds to the large hierarchy of the right-handed neutrino mass ratios

M3 /M) and M3 /M;. Then, the magnitudes of our parameters are estimated qualitatively to reproduce

the two large mixing angles 6,3 and 0;;. First, impose the maximal mixing of 8,3. Then, the (2, 3)

element of Eq. (6) should be comparable to the (3, 3) one, so that the cancellation must be realized
between two terms in the (3, 3) element, and then we have:

2

K2Nﬁ,

¢p ~ L. (15)
The (2, 3) element of Eq. (6) is also comparable to the (2,2) one, which is dominated by the first
term 2K exp(i¢4) at large K. So, we get

Ki~ = . (16)

In the next step, we impose a large 61,, which requires the (1, 3) element of Eq. (6) to be comparable
to (2,2) within a few factors; therefore, we get

aky ~ bKor, (r=2-3). (17)

By combining Egs. (15), (16), and (17), we obtain

acr ~b*, Ky~ (2)3 . Ko~ (%)2 . KE~K3A, r=2-3). (1)
Actually, these relations are well satisfied in the numerical result at large K. Then, 613 becomes
rather large, roughly of the order of sin 815 /r, since the (1,3) element of Eq. (6) is comparable to
(2, 3) within a factor of two or three. Thus, the sizable mixing angle 613 is essentially derived in these
textures when the observed mixing angles 6»3 and 01, are input. This situation is well reproduced in
our numerical result.

Furthermore, we expect a large CP-violating phase §cp in this discussion. As shown in Eq. (15), the
real part of the (3, 3) element of Eq. (6) is significantly suppressed in order to reproduce the almost
maximal mixing of 6,3. Then, the imaginary part of the (3, 3) element is relatively enhanced even if
¢p is close to £180°. Actually, ¢pp >~ £175° leads to the Scp ~ £90° in the numerical analysis of
the next section.

3. Numerical analysis

Let us discuss the numerical result with the normal mass hierarchy of neutrinos. In the first step, we
constrain the real parameters a, b, ¢, K1, K, and two phases ¢4, ¢ by inputting the experimental data
for Amgtm and Amgo1 with 90% C.L. into the relations of Eq. (A.1) in the appendix. By removing c,

¢4, and ¢p for a fixed m, which is varied in the region of m| = 0 ~ Am? , , there remain four

sol ?
parameters a, b, K1, and K».
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In the second step, we scan them in the following regions by generating random numbers in the
linear scale as follows:

Ky =[1-10%], K> =[1-10*], a=1[0-0.031eV!/?, b=1[0-0.2]eV!/?. (19)

They are constrained by the experimental data for the lepton mixing angles. We then predict dcp,
Mee, and the Majorana phases « and 8. The input data are given as follows [18]:

2
TAV/[

sin? By = 0.30470013 ,  sin? 63 = 0.45270052 , sin® 63 = 0.0218 £ 0.0010;  (20)

= (2457+0.047) x 107%eV?,  Ami; =7.50101) x 10%eV?,

sol — —

we adopt these data with an error-bar of 90% C.L in our calculations. We assume the normal mass
hierarchy of neutrinos. Actually, we have not found the inverted mass hierarchy, in which the three
lepton mixing angles are consistent with the observed values in our numerical calculations. Thus,
we consider that the normal mass hierarchy is a prediction in the present model as long as there is
no extreme fine tuning of the parameters.

Let us show the result for K1 = 1-5000. By inputting the data for the two mixing angles 61, and
6»3, we present the frequency distribution of the predicted sin 83 in Fig. 1, where the vertical red lines
denote the experimental data for Eq. (20) with a 30 range. The peak is within the experimental data
for the 30 range. It is remarked that sin 813 =~ 0.14 is most favored. This prediction is understandable,
as discussed below Eq. (18). We also present the frequency distribution of the predicted value of §cp
in Fig. 2, where the vertical red lines denote the NOvA experimental allowed region with a 1o range,
which is obtained by the method of library event matching (LEM) [2]. We see that cp is favored to
be around +2 radian, which is consistent with the T2K [1] and NOvA data for the 1o range.

If we add the constraint of the experimental data for 613, the predictions become rather clear. By
inputting the experimental data for 613, we obtain the allowed region on the K1—K> plane in Fig. 3.
As K increases, K> also increases gradually. This behavior is expected in Eq. (18). We present the
frequency distribution of the predicted value of §cp in Fig. 4. The peak of the distribution is still
around 2 radian, but the distribution becomes rather sharp compared with the one in Fig. 2.

Letus discuss the K1 dependence of §cp, which is shown in Fig. 5. In the region of K1 = O(1-100),
the predicted §cp has a broader distribution. As K increases, the predicted region gradually becomes

600
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frequency

200

100 i

L AL e
0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55 0.6
Sind3

Fig. 1. The frequency distribution of the predicted sin 6,3 at K; = 1-5000 by inputting the data for 6, and
60,3. Here the vertical red lines denote the experimental data with 3o.
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Fig.2. The frequency distribution of the predicted §cp at K; = 1-5000 by inputting the data for 61, and 6.
Here the vertical red lines denote the NOvA allowed region with 1o.
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Fig. 3. The allowed region on the K;—K, plane at K; = 1-5000 by inputting the data for three mixing angles.
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Fig.4. The frequency distribution of the predicted écp at K; = 1-5000 by inputting the data for three mixing
angles. Here the vertical red lines denote the NOvA allowed region with lo.
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dcplrad]

0 1000 2000 3000 4000 5000
K4

Fig.5. The K, dependence of the predicted d¢cp at K; = 1-5000 by inputting the data for three mixing angles.
Here the horizontal red lines denote the NOvA experimental allowed region with 1o
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frequency

Fig. 6. The frequency distribution of the predicted m,, at K; = 1-5000 by inputting the data for three mixing
angles.

narrower. It then becomes consistent with the NOvA experimental allowed region with a 1o range
at high K.

We also predict the effective neutrino mass m.., which appears in the amplitude of the neutrinoless
double-beta decay. In Fig. 6, we present the frequency distribution of m,.. The favored m,, is around
7 meV.

As shown in Fig. 5, our result depends on K. Actually, the predicted region becomes narrow as
K| increases significantly. Let us discuss the result at K; = 10*~10°. We show the K| dependence
of the predicted sin 63 at K| = 104-10° by inputting the data for 61, and 653 in Fig. 7. The mixing
angle sin 613 is larger than 0.1 in all regions of K1, but the large mixing angle 0.5 is allowed below
K1 = 10°. However, it is remarked that sin 613 decreases gradually and converges on the experimental
allowed value.

In Fig. 8, we present the frequency distribution of the predicted sin 813 by inputting the data for
the two mixing angles 015 and 6,3. The distribution becomes rather sharp compared with the case of
K1 = 1-5000. The most favored region of sin ;3 is around 0.13—0.15, which is completely consistent
with the experimental data.

In Fig. 9, we show the frequency distribution of the predicted value of 5cp by inputting the data for
the three mixing angles. It is remarked that the peak of the frequency distributions of cp becomes
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Fig.7. The K, dependence of the predicted sin 03 at K; = 10*-10° by inputting the data for 6, and 6,;. Here
the horizontal red lines denote the experimental data with 3o.
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Fig. 8. The frequency distribution of the predicted sin 65 at K; = 10*-10° by inputting the data for 6;, and
60,3. Here the vertical red lines denote the experimental data with 3o
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Fig.9. The frequency distribution of the predicted 8cp at K; = 10*-10° by inputting the data for three mixing
angles. Here the vertical red lines denote the NOvA allowed region with lo.
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dcplrad]
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IMeellmeV]

Fig. 10. The predicted Dirac phase cp versus the predicted m,, at K; = 10*~10° by inputting the data for

three mixing angles. Here the horizontal green dashed line, inserted to guide the eye, denotes §cp = —m/2.
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Fig. 11. The predicted Dirac phase 8¢p versus the predicted Majorana phase « at K; = 10*-10° by inputting
the data for three mixing angles.

closeto £ /2. Moreover, the region of §cp = —1—1 radian is almost excluded. Our result is consistent
with the data for the T2K [1] and NOvA [2] experiments.

The predicted m,, of the neutrinoless double-beta decay is not so changed compared with the case
of K1 = 1-5000. The favored value of m,,. is around 7-8 meV. Here, we show the predicted §cp
versus m,, by inputting the data for three mixing angles in Fig. 10. They are rather well correlated,
as seen in Eq. (A.2) in the appendix. If cp is restricted around —s /2 in the neutrino experiment, the
allowed region is restricted. The predicted m,, is then 6.5-8 meV.

Finally, we show the correlation between the Dirac phase §cp and the Majorana phases «, § in
Figs. 11, 12, and 13. There appears to be a tight correlation between them because we have only two
phase parameters in the neutrino mass matrix of Eq. (6).

4. Summary

We have presented the neutrino mass matrix based on the Occam’s-razor approach [3,4]. In the
framework of the seesaw mechanism, we impose four zeros in the Dirac neutrino mass matrix,
which give the minimum number of parameters needed for the observed neutrino masses and lepton
mixing angles without assuming any flavor symmetry. Here, the charged lepton mass matrix and
the right-handed Majorana neutrino mass matrix are taken to be real diagonal ones. Therefore,
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Fig. 12. The predicted Dirac phase 8¢p versus the predicted Majorana phase 8 at K; = 10*-10° by inputting
the data for three mixing angles.
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Fig. 13. The predicted Majorana phase o versus the predicted Majorana phase 8 at K; = 10-10° by inputting
the data for three mixing angles.

the neutrino mass matrix is given with seven parameters after absorbing the three phases into the
left-handed neutrino fields.

Then, we obtain the successful predictions of the mixing angle 613 and the CP-violating phase cp
with the normal mass hierarchy of neutrinos. We also discuss the Majorana phases o and 8 as well as
the effective neutrino mass of the neutrinoless double-beta decay m,.. In particular, as K| increases
to 10*-100, the predictions become sharper. The most favored region of sin 013 is around 0.13-0.15,
which is completely consistent with the experimental data. §cp is favored to be close to /2, and
the effective mass m,, is around 7-8 meV. The reduction of the experimental error-bar of the two
mixing angles of 81> and 8,3 will provide more precise predictions in our neutrino mass matrix.

Finally, it is emphasized that we can perform a “complete experiment" to determine the low-
energy neutrino mass matrix, since we have only seven physical parameters in the mass matrix (see
Eq. (6)). In particular, two CP-violating phases ¢4 and ¢p in the neutrino mass matrix are directly
related to two CP-violating phases at high energy. Thus, assuming leptogenesis, we can determine
the sign of the cosmic baryon in the universe from the low-energy experiments for the neutrino mass
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frequency

sindp

Fig. 14. The frequency distribution of the predicted sin ¢, at K; = 10*-10° by inputting the data for three
mixing angles.

matrix.? In fact, the sign of the baryon is given by the sign of sin ¢4 for the normal mass hierarchy
M; < My < M, which is suggested from the predicted hierarchy K| > K> > 1 shown in Fig. 3.4
Unfortunately, the present experimental data show both signs to be allowed, as shown in Fig. 14.°
We expect precise measurements of the three mixing angles and CP-violating phases in low-energy
experiments.
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Appendix

By solving the eigenvalue equation in Eq. (6), the mass eigenvalues are expressed by a, b, ¢, K1, K>
and ¢4, ¢p. We have three equations among them as follows:

m% + m% + m%
=+ Y1+ K3) + a* (K + K3) + 2b°[a* (K3 + K cos ¢q) + ¢*(1 + Kz cos ¢p)]
2.2 2.2

mim, + m%m% + m3m]

= bPKG + a®KPK5 + 2a°D* K K5 (K| + cos ¢)

3 The effect of quantum corrections of the lepton mixing matrix is neglected in the evolution from the GUT
scale to the electroweak scale for the normal mass hierarchy [19].

‘K @) 1snot Mz /M, ;) itself, as seen in Eq. (7). However, it is almost M3 /M, ) as long as the Dirac neutrino
mass matrix in Eq. (2) is not extremely asymmetric.

5 A detailed discussion on this issue will be given in future work.
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+ a*[M(K? 4+ K2) + b*K3 (1 + K? + 4K cos ¢) + 2b*c* Ky (Ko + K? cos ¢p)]
+ 28 b Ko [B* (K + K1Ka cos ¢g) + > (Ko + K| cos ¢y cos ¢ + K sin ¢y sin ¢p)]

mimimi = a®*KIK3 . (A.1)

Since the neutrino mass matrix in Eq. (6) has one zero, it constrains the observed values. Among

the three mixing angles, the three phases, and the neutrino masses, there is one relation:

S
0 = crac13(—s12¢23 — c12523513€"°F)e™ " my

iScp —2i —is
+ s12¢13(c12¢23 — 512523513€°)e 2P my 4 513503136 0P ms . (A.2)
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